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Abstract 

We construct field configurations that interpolate between string background states 
of differing baryon number. Using these configurations we estimate the effect of the back- 
ground fields on the energy barrier separating different vacua. In the background of a 
superconducting GUT string the energy barrier is increased, while in an electroweak string 
background or the electroweak layer of a non-superconducting string the energy barrier is 
reduced. The energy barrier depends sensitively on both the background gauge and scalar 
fields. 
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1) Introduction 

The realisation that electroweak baryon number violation can occur at an appreciable 
rate in the early universe has raised the hope of explaining the observed baryon asymmetry 
of the universe with TeV scale physics. Most models rely on a first order phase transition 
that proceeds via the nucleation and subsequent growth of true vacuum bubbles[l]. The 
order of this phase transition is not certain and it is not clear that it is sufficiently strongly 
first order for these mechanisms to work [2]. This provides an incentive to produce scenarios 
that do not rely on the order of the electroweak transition. Just such a method has 
been suggested by Davis, Brandenberger and Trodden[3] who make use of the decay of a 
preexisting string network to provide the departure from thermal equilibrium. Just as in 
most methods based on bubble nucleation, an extension of the standard model is required 
to increase CP violation, this is provided by extending the Higgs sector of the theory. The 
coupling of the extra Higgs field is such as to generate a chemical potential in regions 
that are entering or leaving the core of the string. This chemical potential leads to the 
generation of antibaryons at the leading edge of the string and baryons on its trailing 
edge. The decay of the string network causes a greater volume of space to leave the string 
core region than enter it, leading to a net production of baryons. As the antibaryons 
are produced on the leading edge of the string, they enter the core region shortly after 
production and baryon production is enhanced if they can decay before the string leaves 
them behind. If the baryon asymmetry is to survive, the rate of baryon number violation 
outside the string should be small, that is we are in an epoch when the sphaleron energy 
is large compared to the temperature so that the sphaleron transition rate [4] 

T AB = 1 (a wk T)- s M^- 4 ^ T ^ 9 ^ 

is Boltzmann suppressed away from the string core. Here a w k is the SU(2) fine structure 
constant, Mw the mass of the W and v(T) the expectation value of the Higgs field. For 
this mechanism to work baryon number violating processes must occur in the core of the 
string at a greater rate than outside the string. 

The first step to finding the rate of baryon number violating transitions is to calculate 
the height of the energy barrier that separates the background states with different baryon 
number. If the barrier height is increased relative to the homogeneous background case, 
the rate of baryon number violation will probably be even more suppressed. On the other 
hand, if the barrier height is decreased, the exponential term in the rate will be decreased, 
but the prefactors must be calculated to obtain a firm result for the rate. 

In this paper we construct field space paths connecting purely bosonic string back- 
ground states with different baryon numbers. The energy barrier obtained from each path 
provides an upper bound to the barrier that would be obtained from the minimum action 
path. 

In section 2 we review the construction on the ordinary sphaleron in a form that 
can be applied to string background fields. This method is then applied to various string 
backgrounds: superconducting string background in section 3 and electroweak string back- 
ground in section 4. An alternative for the superconducting string background is discussed 
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in section 5 and we conclude in section 6. The calculations of baryon number change and 
energy barriers are presented in appendices A and B respectively. 
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2) The Ordinary Sphaleron 

In this section we review the construction and properties of the electroweak sphaleron 
[5] . The construction is presented in a form that is readily generalised to string backgrounds 
and the various contributions to the sphaleron energy are highlighted. 

We take the bosonic part of the electroweak lagrangian to be 

1 1 v 2 

C = --Y^Y^ - -W^W atIU + - A($ f $ - — f 

where W is the SU(2) triplet of gauge fields and Y is the U(l) gauge field. Using g and g' 
to denote the SU(2) and U(l) coupling constants, the U(l) field strength is given by 

Y = 8 Y — 8 Y 

1 [IIS U jl 1 V '-'V 1 fXI 

the SU(2) field strength by 

and the covariant derivative for the Higgs doublet $ by 

D» = d»+ l -go a W« + l -g%, 

where a a are the Pauli matrices. 

In the case of vanishing Weinberg angle the procedure for constructing a nontrivial 
path from the ordinary vacuum, through the sphaleron back to the ordinary vacuum is 
based on a unitary matrix, U. Using the notation of ref.6 we obtain the nontrivial path from 
the trivial vacuum configuration: & = (0, t>/\/2), W = Z = A = 0, by first considering 
the transformation 

$^$ = t/$ -> -^(d^U)U- 1 

where 

e lfI (cos [i — i sin^ cos 6*) sin fi sin 6>e 1 ^ 

— sin ji sin 6>e~^ e~ lfl (cos ji + i sin \x cos 9) 



U = 



9 and cj> are the usual spherical polar angles and ji is a parameter. U is an element of SU(2) 
and so this transformation would constitute a gauge transformation if it could be applied 
everywhere. However, if we simply apply the transformation everywhere, the Higgs field 
is not single valued on the polar axis and the gauge fields are divergent. To remove these 
problems profile functions are introduced: 



*=(l-Mr))(^ e -.> 00S/4 )+Mr)* 

w^-l^-id^uu- 1 

9 
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The boundary conditions on h and / are, h, f — > as r — > and /i, / — > 1 as r — > oo. 
The resulting field configuration is single valued and finite. As the transformation differs 
from a gauge transformation only when the profile functions differ from unity, the energy 
density of the configuration is localised and the total energy is finite. 

The asymptotic Higgs field is given by 

~ v ( sinnsin6>e l 
<E> = — = ' 



y/2 V e lAt ( cos A* + * sm A* cos 

The nontrivial nature of this transformation is apparent if we consider the winding of the 
asymptotic Higgs field around the vacuum manifold. We are interested in the Higgs field 
on some large shell surrounding the sphaleron. Firstly the asymptotic Higgs field remains 
on the vacuum manifold, 

lira ~ + = n . 
r — > oo 

and in general we can find one set of values for fj,, 9 and 4> that correspond to each point on 
the vacuum manifold. Thus the asymptotic Higgs field covers the vacuum manifold once 
during the transition from fx = to fi = it. 

The change in baryon plus lepton number during the transition can also be calculated 
using the anomaly equation for general Weinberg angle, 

where Nf is the number of families. 

Integrating over all space and the time interval of the transition and assuming that 
we can drop the boundary terms, we have 

A(S + L) = J d 4 x(^(g 2 wrW a , u - g' 2 Y^Y, v )) 

where Nf is the number of families. Explicit calculation with the field configurations given 
above yields (see appendix A) 

A(B + L)= 2N f 

Thus the transition not only covers the vacuum manifold but also produces Nf baryons. 

This process is greatly suppressed at low temperatures due to the energy barrier 
separating the two vacua. The saddle point configuration between the two vacua is called 
the sphaleron and is the field configuration at ji = tt/2. The energy density of the sphaleron 
configuration is (see appendix B) 

v 2 dh 2 v 2 

^sphaleron ~ ^ Q r r 2 ^ J ' 

or g z r z r^g £ 4 
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This leads to a sphaleron energy of the form[5] 



8wMw ,\. 

^Sphaleron - ^ L> {^2) 

where D is a dimensionless factor. Numerical integration yields[5] D(0)=1.52, D(l)=2.07 
and D(oo)=2.70. 

The large barrier between the vacua of different winding numbers leads to a vast sup- 
pression of baryon number violating processes at low temperatures. At high temperatures 
the Boltzmann suppression is reduced and at very high temperatures the rate becomes 
0(«T) 4 [7]. 

Strictly speaking the sphaleron is the field configuration that corresponds to the saddle 
point separating the two distinct vacua. The sphaleron thus has the lowest possible energy 
of any configuration that has the maximum energy on a given path. In the general setting 
we will refer to the highest energy configuration on a path as the sphaleron although we 
do not show that this is in fact the saddle point. In other words we will construct upper 
bounds on the energy barrier separating the background states. 



If we scale the radial variable in our expression for the sphaleron energy, r — > rjx, we 



find 



-^sphaleron = J dx 



U 2 Bh 

+ 1 (tt;) 2 



dx rfg 2 ' rj 2 x 2 g 2 



+ 



2 r2 



(i-fVf 



2\2 



+ X—T) x (l - h ) 



Extremising the energy with respect to the arbitrary scale factor allows us to express the 
pure gauge field contributions to the energy in terms of those involving the Higgs field: 



/ 



dx 



U -{x^ x +2/, 2 (l-/) 2 )+3A^ 2 x 2 (l-/, 2 ) 2 



dx 



' dx ' 



V 9' 



(I-/) 2 / 2 



r\ 2 x 2 g 2 



The sphaleron energy has two components, one coming purely from the gauge fields and 
the other from the Higgs sector. As in the case of gauge topological defects, we can 
think of the scalar field configuration being supported against collapse by the gauge field 
energy trapped in the core of the object. With this picture in mind we see why sphaleron 
transitions in string backgrounds might not be as energetically disfavoured as those in 
a trivial background. In the core of a string the electroweak symmetry is restored, the 
electroweak Higgs field is already forced to zero at the core of the defect, so at least this 
component of the sphaleron energy has already been 'paid for' by the string. If there is 
a region of electroweak symmetry restoration that is sufficiently large to accommodate 
the Higgs profile of the sphaleron we might expect a reduction in the energy barrier by a 
factor of about 0.5. If the region of symmetry restoration is much larger, as is the case for 
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superconducting cosmic strings, we might expect further reductions in the energy barrier 
as the gauge fields can become more diffuse. 

However, we must always bear in mind the cause of the symmetry restoration, in the 
case of superconducting strings the gauge field generated by the current not only gives a 
large region of symmetry restoration but also couples to the sphaleron fields. This situation 
is discussed in the next section. 
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3) Baryon Number Violating Transitions In A Superconducting String Back- 
ground 

In the next two sections we construct field space paths that connect string states with 
different baryon numbers. The paths are constructed using the method outlined for the 
vacuum to vacuum transitions. In each case we consider the change in baryon number and, 
most importantly, the energy barrier separating the initial and final states. We consider 
three cases, the superconducting string, the electroweak string and the electroweak layer 
of a nonsuperconducting string formed at some transition above the electroweak scale. In 
each case we apply the transformation matrix U discussed above and introduce profile 
functions to ensure that the fields are finite and single valued everywhere. 

In this section we consider the superconducting string background. The possibility of 
an enhanced sphaleron transition rate in the region of electroweak symmetry restoration 
around a superconducting string was suggested by Damgaard and Esprin[8]. In contrast 
to the background fields discussed below, the background gauge field considered in ref.8 
was pure hypercharge. 

Our first task is to construct the background state that will form the endpoints of our 
path. In this section we consider the background electroweak fields provided by a super- 
conducting GUT string. A model of the electroweak fields around a GUT superconducting 
string is discussed in detail in ref.9, here we briefly review the main features of the field 
configurations. In this model the string carries a hypercharge current and so provides a 
source for both the electromagnetic and the Z fields. The electroweak fields around the 
string have the form: 

W± = ° $= (^(°p)) Z, = S,, Z Z( P ) A, = S,, Z A( P ) 

where p is the radial coordinate in a cylindrical polar coordinate system. The electromag- 
netic gauge field is free everywhere outside the string and so has a logarithmic form out to 
scales where the string curvature becomes important. The large Z field produced by the 
hypercharge current provides a large, positive contribution to the Higgs field mass which 
leads to symmetry restoration in some region around the string. Inside the symmetry 
restored region the Z field is massless and behaves logarithmically, outside the region of 
symmetry restoration the Z field becomes massive and decays exponentially. For large 
string currents the profiles of the Higgs and Z fields can be modelled as 

0= ^(1 +tanh/c(p- Po))^= 

z 3 = l^ log{ i ) P<p0 

\aK (\Gvp) p>p 

and the three parameters ro, k and (3 set to minimise the energy of the configuration. For 
large currents this yields, 
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The important features of these field configurations are the large region of symmetry 
restoration and the large background gauge field. For a maximal string current, I ~ 10 20 
amps, the region of symmetry restoration has a radius r ~ 10 10 GeV _1 ~ 10 _5 m. The size 
of the symmetry restored region has been confirmed numerically [10]. The form of the W 3 
and hypercharge fields are important for the energetics of the baryon number violating 
path. To find these we must also model the photon field around the string. As the photon 
field is free everywhere outside the GUT string, we take its profile to be 

We can find / in terms of / using the relationships between the Z and A fields and the 
original SU(2) and hypercharge fields. 

Z\ = f-cos9 w sm6 w \ fW 3 
A J y sin 9w cosOw J \ Y 

Thus in the symmetry restored region we have 

The string does not act as source for W 3 and the field is free in the region of symmetry 
restoration, thus W 3 should be constant in this region. This leads to 

The scale in the logarithm cannot be determined for an infinitely long, straight string. 
However, if we imagine the string to be curved we can determine a value for 7. In particular, 
if we consider the string to form a circular loop of radius R, the natural value for 7 is of 
order i?[ll]. As the typical curvature scales are of order kiloparsecs, this curvature has no 
further appreciable affect. The forms for the SU(2) and hypercharge fields are then, 



Y z = 



^%(^ 2 log(f)+^ 2 log(^)) P<Po 
^W l °g(%) + £ aK o(iGvp) P>Po 



w s = J P<Po 
2 -SoKoihGup) p> Po 

Thus W 3 is large and constant within the symmetry restored region. 

The most naive generalisation of the procedure outlined in section 2 for the production 
of baryon number violating paths is to apply the same transformation U as in the vacuum 
case. As we will see, this produces a transformation with the required change in baryon 
number, however we have no guarantee that this is the lowest energy path between the 
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string background states. Indeed, given the different symmetries of the string and ordinary 
sphaleron it seems unlikely that this procedure will generate the lowest energy path, even 
for zero Weinberg angle. We will return to this point once we have calculated the energy 
of the sphaleron derived from this naive approach. 

Applying the transformation discussed in section 2 to the asymptotic Higgs field we 

find, 

_ r „ v ( sin a sin Oe 1 ^ \ 

yj2 \e M (cos p + i smp cosy) J 

where p is the profile function for the Higgs field which satisfies the boundary conditions 
p — > as p — > and p — > 1 as p — > oo. Apart from the region close to the string core the 
Higgs field lies on its vacuum manifold and we can show, as in the case of the ordinary 
sphaleron, that every point on the vacuum manifold is covered at some stage during the 
transition by the Higgs field at some point on any large shell around the sphaleron. Possible 
complications arise as the string will always pierce this large shell along the polar axis. 
The fact that the Higgs field vanishes at both 9 = and 9 = n means that the lines 
on the vacuum manifold that were covered by the north and south poles are no longer 
covered. The north pole, cos 9 = 1, is invariant during the transition while the south pole, 
cos6> = — 1 is mapped to 

v_( 

Apart from this line the whole vacuum manifold is covered. 

We can verify that this transition violates baryon number by explicitly calculating 
A(B + L). The gauge fields in this case are given by 

W„ -> u^w^u- 1 - f -{d^U)U~ l = U5^ z r 3 W^ atTins) U- 1 - ^(d^U)U- 1 

where we have again introduced a profile function, /. Wz 1 is the gauge field generated 
by the current in the string, it satisfies the boundary conditions, Wz^ tnng \p = 0) = const, 
and Wz^ tnng \p — > oo) — > 2^^1og(^). In this case the cylindrical symmetry of the string 
and the spherical nature of the transformation suggest that we let / depend on both 9 
and r (we choose to work in spherical polars). Similarly for p ^ we allow the Higgs field 
profile function p to depend on both 9 and r. Generalising the profiles in this way is our 
only concession to the mixed nature of the symmetries of the problem. 

We can explicitly calculate the change in baryon plus lepton number that the trans- 
formation induces by substituting the gauge field configurations into the anomaly equation 
(see App.A). We find 

Tr(Wt r Wg^— WtgWr^+WttpWre) = pure sphaleron contribution+sin( / u) cos(p)(p indep.) 
where the pure sphaleron contribution is as discussed in the previous section; 

12(cos W -l)sin 2 (p)^^l-/l 
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Integrating from fx = to [i = w removes the contribution from the string gauge field, thus 
the string gauge field does not alter the change in baryon number caused by the transition. 
We now have a path that interpolates between string background states of different baryon 
number. 

The energy density associated with the static field configurations at any point on 
this path is calculated in App.B. It is convenient to work with W{r,9) = gW^{r,9) and 
l"(r, 9) = g'Y z {r, 9) when calculating the energy of the sphaleron. The boundary conditions 
on W are then simply W — > constant at the string core and W ~ log(r sin6>/7) far from 
the string. The energy density is found to be: 

df 2 sm 2 u 8 . a ,„ ^9^9 2 9<9f 2 
£=4 7T ^^ + ^ sm V(l-/) 2 / 2 + ^ T sm^ 2 -^ 
or g r r g g z r o9 

1 . . n dW n dW. 2 

2 9f . . „, . . dW n dW, 
H — - — — — — sin n cos nsmtMSint'r — h costf-^-— I 

gi r 2 Or ' or 39 

+ 8W^^sin 2 #cos /U /(l-/) 2 
g z r 6 

W 2 

+ sin 2 ^(1 — n 2 (cos 2 \i sin 4 9 + 2 cos 2 9) 

g — I . — 

1 , ■ „ SY „dY., 
+ W (SmSr * +COSS 99 ) 

v 2 as. 2 v 2 aft 2 At/ 4 „ , ... 

+ ^-(hw - Yf + \ sin 2 fj,(l - f) 2 - - sin fi cos fji(W - Y) (1 - /) sin 2 9) 

We can rewrite some of these terms as a sum of squares, 
8 



sin 4 Ml - fff + 8W S -^4 sin 2 9 cos /*/(! - f) 2 



r '//- ' g2 r 3 
W 2 

+ 2^r sin 2 fi(l- J) 2 (cos 2 /I sin 4 # + 2 cos 2 9) 

g — I ■ — 

= sin2 ~ f) 2 {i 2 f sin » + rW sin2 9 cos /"] 2 + 2r 2 W 2 cos 2 9) 

Thus in the string core where we have the background fields h = 0, W~ constant, the 
energy density is manifestly a sum of positive definite terms and we can place a lower 
bound on the energy density, 

£ > + ^2 sin2 Ml - f? (2W 2 cos 2 9) 
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We can place a lower bound on the energy of the configuration by considering the integral of 
the energy density in regions within 45° of the poles, i.e. regions with cos 2 9 > 1/2. A lower 
bound to this polar contribution to the energy is then obtained by setting cos 2 9 — 1/2, 
leading to 

E polar > [2.] [2(1 - 1/V2)] J r 2 rfr( 4 g 2 ^ + ^sin^U - /) 2 ^ 

Recalling that W is a constant inside the region of symmetry restoration and imposing the 
boundary conditions / — > as r — > and / — > 1 as r — > oo, the integral is extremised by 
taking / = 1 — exp(— \W\r/^2) and then has the value 2^/2 sin 2 fj,\W\/g 2 . This gives the 
bound 

£ polar > 4tt(v / 2 - 1) sin 2 //-i log(^) ~ £ Sp hai sin 2 ^(M H /GeV)(//10 10 amps) log(^) 

Thus there is a lower limit to the sphaleron energy determined by the string current and 
the sphaleron energy is increased at large string currents. The origin of this increase is 
indicated by the above analysis: in the core of the sphaleron the transformation is not pure 
gauge and so physical gauge fields are created. In the string background these gauge fields 
acquire a mass through the nonabelian terms in the SU(2) field strength which couple 
them to the Z field. Exciting these fields then entails an energy cost of order the induced 
mass. 

Although this result has been determined for a specific sphaleron configuration, the 
above discussion suggests that a similar result will hold for any configuration that excites 
massive gauge fields. With the above form for the background field, , W^r and Wjj 1 
get masses of order I. Working temporarily in cartesian coordinates, the change in baryon 
number can be rewritten as, 

J d 4 xW afuy W^ u = J d A xd^ uXa (WZ x WZ - 2 -gt ahc W^W h x Wl) 

If we set the massive gauge fields to zero the second term above vanishes. We can now use 
the divergence theorem to transform the quantity of interest into a surface integral. The 
integrand contains a factor of W^ x and so vanishes except where the string cuts the surface. 
The nonvanishing components of the field strength for the string are Wf 3 and W$ 3 . Any 
transformation that produces further components asymptotically will have infinite energy 
and can be neglected. For a hypercubical surface the faces of interest are t = t{, t = tf 
and z — > — oo, z — > +oo. The starting and finishing configurations should be identical, so 
the contributions from the t = U, t = tf planes should cancel. The contribution from the 
z — > — oo, z — > +oo planes is removed by the Levi-Civita tensor. The net change in B+L 
is thus zero. 

Alternatively we work directly with the original form. With the massive gauge fields 
set to zero we have W^ y = 0, = and W^, = where A=l,2 and the quantity of 
interest reduces to 

W a ^W^ = 4(W? X W* Z - Wf y Wl z + Wf z Wl y ) 
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= 4([w x 3 t _ w* x ]\wl v - wjj - [wl t - wl y \[wl x - w*j + [wl t - wl z ]\wl x - wl v ]) 

The quantity we are interested in is the integral of the above over all space and the 
time interval of the transition. Integration by parts allows us to exchange the derivatives 
in each term at the expense of some boundary terms. This takes two integrations by parts 
and so preserves the sign of each term, however the alternating nature of the Levi-Civita 
tensor means that the object is odd under interchange of two indices, hence the integrand 
acquires an overall factor of -1. Some of the boundary terms contain factors of the form 
W% y , if the energy of the configuration is finite these must vanish asymptotically. A further 
integration by parts transforms the remaining terms to this form and they vanish likewise. 
Thus there are no finite energy baryon number changing paths that do not excite massive 
gauge fields and we expect the increased barrier height found in the specific example to be 
a generic feature of the superconducting string background. 

We conclude from this argument that the energy barrier separating superconducting 
string states of different baryon number is large for transitions that occur within the region 
of electroweak symmetry restoration. This increase in barrier height occurs despite the 
restoration of the electroweak symmetry and is due to the presence of the large background 
gauge field. In this case the Higgs sector contributes very little to the energy barrier whilst 
the pure gauge field contributions are greatly increased. 

In the following sections we investigate situations in which the restoration of elec- 
troweak symmetry is not a result of a large background gauge field. 
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4) The Electroweak String Background 

There are two mechanisms which can cause the restoration of the electroweak sym- 
metry below the critical temperature, the first is via an interaction with some background 
field, the superconducting string is an example of this, alternatively the electroweak Higgs 
field may wind and be forced to zero in some region for reasons of continuity, this is the 
case with electroweak strings. Although the standard model does not admit topologically 
stable string solutions it has been shown[12] that string solutions do exist and that they 
are energetically stable for some parameter values[13]. These strings take the form of 
Nielsen-Olesen vortices [14] formed from the lower component of the Higgs doublet and the 
Z field, with all other fields set to zero. The nonvanishing fields are (in cylindrical polar 
coordinates (p, 0)), 



Although electroweak strings are stable for some parameter values, they are unstable 
for the observed parameter values. This complicates the interpretation of the energies we 
will calculate for parameter values outside the stability region. In the case of the super- 
conducting string we had a stable background field configuration and we could take the 
barrier height to be the difference in energy between the pure string configuration and the 
string plus sphaleron configuration. In the electroweak string case we don't always have a 
stable background configuration and so in these cases we cannot simply measure the energy 
difference between the pure string and string plus sphaleron states. For these parameter 
values we consider the electroweak string background as an example of electroweak sym- 
metry restoration due to the presence of strings from some higher energy phase transition 
(for example the technicolour model discussed in ref.3). The presence of the higher en- 
ergy string leads to electroweak symmetry restoration in its vicinity. This pinning of the 
electroweak Higgs field ameliorates the prime instability of the electroweak string by pre- 
venting the upper component of the Higgs field acquiring an expectation value in the core 
of the string. Whether this is sufficient to stabilise the electroweak string configuration for 
physical parameter values remains to be investigated. We will assume that the presence 
of the higher energy string stabilises the electroweak string configuration for parameter 
values outside the usual stability region. (Alternatively we could imagine the electroweak 
Higgs field simply pinned to zero in the core of the higher energy string. The scale of 
symmetry restoration in this case depends on the details of the interaction between the 
fields. We can't ignore the finite size of the higher energy string as if we simply treat the 
pinning as a boundary condition at r = 0, Derricks theorem tells us that the Higgs field 
expectation value should rise arbitrarily rapidly to its vacuum value.) 

Once again we apply the transformation discussed in section 2, allow the profile func- 
tions to depend on r and 9 and evaluate the change in baryon number and the energy 
density of the static field configurations. From App.A we see that the extra contributions 
to the change in baryon number from the string gauge field vanish when we integrate over 
all space: once again we have constructed a baryon number changing path. 





> 2 while at large p: p 



■/V2 and Z -> 2/G 
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From App.B we see that the energy density is, 



1 dS [ 



2g 2 r 2 Br 2g 2 r 4 B9 



(^L + S cote) 2 



+ 



1 dY- 

2g'2 r 2 Q r 



1 BY 



-Bh' 



1 Bh 2 h 2 ,S 



2 ( 2 



Y 1 ]2] u 2 
2 + sing'' J 2 



2\2 



+ sin \x 



Bf 2 1 



4-^ 



~df 2 

+ 2-^7 



1 2sm9 r BfBS 1 



^ r ^2 r 2 g2 r 4 g2 r 2 Q r Q r r 2 QQ QQ 



B9~ g 2 r 4 B9 K J 'g 2 r 4 



4 cos 2 9 



Sf(l-f)+2S : 



, cos 2 9 
g 2 r 4 



g2 r 4 s [ n g 
-^![2/ + sing(S-Y)](l-/) 

+ sinV^2[2/ + ^sing] 2 (l-/) 2 
r g 



(I-/) 1 



where S 1 = grW^ and F = gVY"^, Rewriting the gauge fields in terms of the photon and 
Z fields, GA = g'W 3 + gY and GZ = g'Y — gW 3 , asymptotically we have only kinetic 
terms for A. Thus we have the usual forms for the electroweak string gauge fields at large 
distances from the string core, A = and = 2/ (Gr sing). In terms of the original SU(2) 
and hypercharge fields the asymptotic forms are, 



Wl 



9 



GGrsing' 



Yrh 



9' 



G Gr sing' 



or equivalent ly, 



S = 



9' 



G 2 sing' 



Y = 



9 



12 



G 2 sing' 



The expression for the energy density simplifies if we define 



T 
sing 



Y 



V 
sing 



Working in cylindrical polar coordinates with the scaled variables kp = r sin 9 and kz 
r cos g, the energy density then becomes, 
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9^E=^(T,l + T,i) + ^(V^l) 



+ sin 



^ (/,? +/,* ) + ^ [cos 2 #/, 2 +2 cos sin 0/,, f, p + sin 2 0/, 2 ] + -| [/„ T, p +/„ T 
+ 4(1 - /) ^ [T( - sin 0/„ + cos 9f, p )-f(-sm6T, z + cos #T, P )] 
+ 2T 2 ^(1 - f) 2 - [2/ + T - V](l - /)' 



sin 2 r 4 



+ sinV^[2/ + T] 2 (l-/) i 



Numerical minimisation of this integral gives an energy shift relative to the pure string 
background of order 50% of the ordinary sphaleron energy if we set sm9\y close to one 
(in this case the electroweak string is stable). We might expect such a reduction in the 
energy barrier as the energy contribution from the Higgs sector will be small since the 
region of electroweak symmetry restoration around the string is of an appropriate size to 
accommodate the Higgs profile of the sphaleron. If we set sin6>vK to its observed value, 
the energy shift relative to the string background at suijU = n/2 is of order 10% of the 
ordinary sphaleron energy. As we saw in section 2, the Higgs sector contributes less than 
half of the energy of the sphaleron, thus there is another effect at work in this case. This 
second effect is the interaction of the string gauge fields with the sphaleron gauge fields. 
Recalling that T is negative while / and V are positive we see that there is the potential 
for partial cancellation of several terms leading to a further reduction in the sphaleron 
energy. This observation raises the question of interpretation: one mode of instability in 
the electroweak string is the formation of a W condensate in the string core[15], is this 
being excited here? The gauge fields have the appropriate angular dependence, so we are 
once again faced with the question of where to measure the barrier height from. 

We have constructed a baryon number violating transition in the background of an 
electroweak string. Once again the gauge fields of the string play an important role in 
determining the energy barrier between states of different baryon number. In this case 
there may be a considerable decrease in the sphaleron energy, but a detailed analysis of 
the couplings between the electroweak sector and the higher energy sector producing the 
strings is required before a definite conclusion can be drawn. 
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5) An Alternative Transformation In the Superconducting String Background 

The paths we have considered so far are based on the matrix U discussed in section 2. 
This matrix was constructed so as to produce a spherically symmetric sphaleron. When we 
introduce strings the natural symmetry is cylindrical rather than spherical and we might 
expect the sphaleron to deform. For example we might consider the sphaleron becoming 
prolate. As an extreme case we can take the transformation on the equatorial plane of 
sphaleron and apply this along the whole length of the string i.e. we take U and set 
9 = 7r/2, giving the transformation 



U' 



e lAt cos p sin pe 1 ^ 
— sin^e - ^ e~ lAt cos/x 



Applying this transformation to the superconducting string background, we find that the 
change in B+L is given by 

cA(B + L) = Jd* X 2p S ^^ ^(S cos 9(f - if ) + (f-l)^(S cos 9) 



+ rsin(9[| : (5(/-l) 2 ) + (/-l)| : 5]) 



where S = grW^ and c = —2ix 2 /Nfg 2 . The string gauge field vanishes at the centre of the 
string, so the first term vanishes when integrated with respect to 9. After integrating the 
second term by parts with respect to 9 and the remaining terms with respect to r we have 

cA(B + L)=4nJ dt ^^ ^ J drd9(-S cos 9) \ f Q 

+ J d9sm9[S(f-lf + (f-l)S}^ 
Of 

drd9 sin 9S — 
or 

Now, cos6>^^| + sin6>^ = ^ where p is the radial coordinate in cylindrical polars. 

cA(B + L)=4n J dtfi Sm ^ C 2 ° Sfi (J drd9(-S^-) + J d9 sin 9[S(f - l) 2 + (/ - l)5]g°) 

As S vanishes at r = 0, the lower limit of the boundary term gives zero. Far from the 
string / tends to one, so the only contribution from the upper limit comes from the string 
core. [S(f — l) 2 + (/ — 1)S] is finite and only nonzero in regions with sin6> < p c /R where 
p c is the core radius and R is the spherical distance we are considering. As R — > oo the 
contribution from the string core vanishes and we are left with 

_ \ f , .sinucosu f , „<9/\ 
cA(B + L)=4n j dtp ^ — " J drd9(-Sj-) 
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S has a fixed sign and / is monotonically increasing away from the string core, thus the 
integrand has a fixed sign and the spatial integrals are nonzero. The temporal integral 
gives a factor of [— cos(2//)/2]f , thus the vacuum (/ij = 0) to vacuum (/j,f = tt) transition 
gives no net change in B+L. However, there is a change in B+L as we move from the 
vacuum (//j = 0) to fj, = tt/2. The field configurations at fi = tt/2 are 

$ = 4? ( e * )p(p) 



V2 V 

gr q gr g v * V° ~ l 

Thus we have the superconducting string superimposed on an electroweak Higgs field with 
a winding number, nonvanishing W% and Wq but vanishing . 

The energy density for static configurations generated by this transformation is 

2 sin 2 r 4 £r 2 \ ^ v 09 Or ' Or 

- 2^rS sin 4 9 + ^ cos 2 sin 2 9 + 2 cos 9 sin 3 0^ (r ^ - S) 
or o9 o9 or 

+ S 2 [sin 4 9 + 4 cos 2 //(l - f) 2 sin 2 ^] 



v 2 



+ 2 



dh 2 1 Oh 2 h 2 1 „, 2 . 2 /i 2 2 



or r 2 op r 1 sin 4r 2 



+ ^(1 - /> 2 ) 2 + ^72 cos0 + (— - y/r) sin^r) 2 

where y = g'rY z . The interesting feature in this case is the form of the S 2 term. The 
contribution due to the transformation has the form S 2 (l — f) 2 cos 2 [i sin 2 fi, thus it vanishes 
at \i = 7r/2. This is what we would expect from our discussion in section 3 given the 
absence of W ± fields in this case. We thus expect to incur a large energy cost if we try 
to deform away from this configuration. Although a detailed stability analysis would be 
required to prove the stability of the electroweak sector with this winding, this observation 
does suggest that the winding might be stable. The background gauge field generated by 
the current reduces the two main modes of instability of the electroweak string. Given 
that electroweak strings are themselves superconducting, it would be interesting if the 
electroweak string could carry its own stabilising current. 

In the background of a superconducting string it is possible that windings in the 
electroweak Higgs field are stabilised and such configurations carry a net baryon plus 
lepton number. 
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Conclusions 



We have constructed baryon number changing transitions in various string back- 
grounds. The energy barriers in the various backgrounds depend crucially on the region 
of symmetry restoration and the background gauge fields. For a simple dip in the vac- 
uum expectation value of the electroweak Higgs field, generated for instance by a scalar 
coupling to a higher energy string, the sphaleron barrier can be reduced to about half its 
standard size although the precise reduction in the barrier height depends on the details 
of the model. In the background of an electroweak string the gauge fields can be exploited 
to further lower the sphaleron barrier, unfortunately the interpretation of this result is 
complicated by considerations of the stability of the string. However, in the case of the 
superconducting cosmic string background the gauge fields that produce the large region 
of electroweak symmetry restoration also generate masses for the fields, increasing the 
height of the sphaleron energy barrier. 

It is possible to reduce the sphaleron energy barrier in the background of a cosmic 
string, but the scale of the reduction depends on the details of the model and background 
gauge fields can even increase the barrier height. This causes problems for the baryogenesis 
mechanism of ref.3 that is based on superconducting cosmic strings. The mechanism based 
on technistrings may be viable, but a detailed model of the electroweak background fields 
is required. 

In the presence of a superconducting cosmic string windings of the electroweak Higgs 
field may be stabilised and such configurations carry baryon number. 
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Appendix A. Calculating the Change in B+L 

The Ordinary Sphaleron 

The quantity that we need to calculate is f d 4 xWW where W is the dual of W, 
W^ u = \t^ UC7p W a p. Using the symmetry of the alternating tensor and of the field strength, 
we have three distinct contributions to calculate: 

W tr We<t, , W t eW r(j} and W t(t> W r o 

Using the pure sphaleron gauge fields 



with the aid of Maple we find 



Tr(y/ tr W H - WteW r ^ + W t ^W rB ) = 12^/ sin 2 (//)(l - cos(#))^-^ 
Integrating over space we have 

p2tT PIT /-OO 

/ #/ smOdO r 2 drTr(W tr W e ^ - W te W r<t> + W t(j} W r0 ) 
Jo Jo Jo 

12 sin 2 (//) ^ 



9 2 



/ d<j> sm9d6(l-cos(e)) dr-^-f(f-l) 
Jo Jo Jo v r 

12sin 2 (^) / 3 f 2 8tt , 

■l 27 r\[2\l- -j = -— sin n 



L JLJL 3 2 JU 

where we have used the boundary conditions on /, /(0) = and /(oo) = 1. Thus we have 

= — f - / d^i sin 2 (p) = 2N f 
K Jo 

where we have used the normalisation condition, Tr(t a t b ) = —^S ab . 

Now that we have calculated the pure sphaleron contribution to the change in B + L 
we can see what changes the string backgrounds make. 

The Superconducting String Background 

In the case of superconducting strings we have the gauge field discussed in section 3, 
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where W is a constant inside the region of symmetry restoration. Substituting these fields 
into Tr(W tr W e ^ - W te W r(t> + W t4> W re ) we find 

Tr(W tr W e ^ - W te W r(t> + W t(j} W rd ) =12(cos(0) - 1) sin 2 (^)^ /( ^ 2 ~/ ) 

+ sin(//) cos(^)(/t indep.) 

The term that is independent of \i carries no explicit fi dependence, but does contain 
various profile functions. We can calculate the change in baryon number with fixed profiles 
satisfying the appropriate boundary conditions. In this case the profile functions do not 
provide any implicit fi dependence and the extra term does not contribute to the overall 
change in baryon number. At any stage during the transition the profile functions will differ 
from those that give the lowest energy density, but we can make local deformations of the 
fields to obtain the optimal profiles. These deformations do not change the asymptotic 
values of the fields and so do not alter Ab+l- 



The first term, 



12(cos(6')-l)sin 2 (^) a//(1 • /) 



dr r 2 g 2 

is simply the contribution from the ordinary sphaleron, thus the string background fields 
do not alter Ab+l- 

The electroweak string background 

In this case we apply our transformation to a background field consisting of a straight 
electroweak string oriented along the polar axis. The only W field excited in the string 
background is W%. We denote this field by 

wl = ^ 
gr 

where S — > close to the string core and S — > constant far from the core. The gauge field 
during the transition is then 

gr g 

Evaluating WW we find, 

TriWtrWe^ - W te W r ^ + W t4> W r0 ) = Tr(W tr W e(f) - W t0 W r ^ + W t(j) W r 9 ) rd. sp h 

+ 2 2^ " /)(- 4 l^ - 2/^) sin 2 (0) sin 2 (^) 

g 2 r 2 {l + cos(6>)) ' dr dr' ' ' 

+ 2 2^ me /fl j g ( COs2 W Sin2 (/") - COS (^) COS 2 (^)) 

g 2 r 2 (l + cos(6>)) dr 
1 ,df OS dfdS,,^ ... . . 9 , 
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Integrating over /i for fixed profile functions we find that the extra contribution from the 
string background fields is, 

f dtTr(W tr W e( f>-W te W r ^ + W t4> W re ) E w = 



n 



sin(6>) , w df c ,dS^» t 



l-f)(-2^-S-f^-)^(0) 



g 2 r 2 (l + cos(9)) Or Or 

sin# df „, 2/m 

+ „ o o/, 77TTT^-^( cos (#) - COs(0)) 

2 £f 2 r 2(l + cos(^)) dr v w v " 

i a/ dfds 1 . 2 

Now, §f — §^ff = (^fa^r ~~ (^§r )' 6> an< ^ integrating the first term with respect to r 
gives S'^lg which vanishes due to the boundary conditions on /. Similarly, if we integrate 
the second term by parts with respect to 9 the boundary term vanishes as 9 = and 9 = n 
both correspond to points in the string core and S=0 at the centre of the string. Thus we 
are left with 

IJdtJ r 2 dr J sm(e)d0Tr(W tr W 04> -W t oW r 4 + W t4> Wro)EW = 
J \g 2 (l + cos9) Or or 

H ^7 77TTTTT-^(C0S 2 (6') -COs(0)) 

2# 2 (1 + cos(0)) <9r V ' y " 



+ j 2 S d ^de[^9{l- C os{9)-\s^{9))]^ 



Further, using the identity 

|((1 - ffS) = (1 - f)(-2§S + (1 - /)f ) = (1 - f)(-2%S - ff) + (1 - /)§ 
we can integrate the first term by parts with respect to r, 

/ *(i-/)(-2§?-/f£) = ((WW- [(!-/)«-/ = / )* 

where we have made use of the boundary conditions on / and S. This then gives 
IJdtJ r 2 dr J sm(9)d9Tr(W t rWe^-W t eW r(f) + W t4> W r e)EW = \J drd9^-Sx 

^-(1 - cos 9) sin 2 + ^(1 - cos 9) (cos 2 - cos 9) 

+ cos 9(1 — cos 9 — ^ sin 2 9) + sin6>(sin6> — sin 9 cos 9)^j 

= J rfrrf0^5(f-cos0)^-sin 2 0-^(f-cos0)cos0+cos0(f-^(f+cos0))+sin 2 ^ =0 

Thus there is no contribution to the net change in baryon number from the gauge field of 
the string. 
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Appendix 2: The Sphaleron Energy 



The Ordinary Sphaleron 

We can find the form of the energy barrier separating the two vacua that are the 
end points of our path by considering static field configurations on this path. That is we 
look at the energy of configurations at constant fx. In this case the gauge fields have no 
temporal components and all time derivatives vanish. We can use the components of the 
field strength given in appendix A to evaluate the gauge field contribution to the sphaleron 
energy: 



G™ w = \w* v W a * v = —TrW^W^ = -Tr(W re W re + W r4> W r(t> + W 6(t) W H ) 



Ar df 2 sm 2 /i . 8 . 4 2 2 



The Higgs field covariant derivative terms are found using the explicit forms for the gauge 
fields and the Higgs field discussed in section 2. 

(£>„$)t£>"$ = sin 2 n I — + -j [2f cos 2 fu(f(l - h 2 ) - 2h(l - h)) 

+ 2/> 2 (l- / ) 2 ])^ 

Finally the Higgs potential term is given by 



A(</> 2 - z/ 2 /2) 2 = A^j- sin 4 - h 2 ) 2 

Thus the energy density of the sphaleron [ji = ir/2) is given by 

v 2 dh 2 v 2 



£sph 



aleron 



+ ^Trf-rn + -fiP - /) 2 / 2 + a^(i - ft 2 ) 2 

or g z r z r^g 1 



1 



The sphaleron energy is thus given by [5] 



-E'sphaleron — Id 3?£sphaleron 



[2?r][2] / dr 



V 2 2 dh' 

— r — 

2 Or 



+ 4(f) 2 ^ + ^(l-/) 2 / 2 + A^ 2 (l-/, 2 ) 2 
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If we let r = rjx, d r = d x /rj 



^sphaleron = [^]V j dx 



8 



+ 4(^:) 2 Z272 + z^(i-/) 2 / 2 



dx rfg 2 t] 2 x 2 g 



2\2 



+ A— j] l x\\-h l ) 



If we set v = k /rfg (i.e. r\ = n/ug) we have 



he 

-^sphaleron =47T 1/ Z / dx 

vg 



Thus -Esphaleron = X 



^ fl(4) where D is « times the dimensionless integral 



above. Values for D were calculated by Klinkhamer and Manton[5]. The dimensionless 
factor k is arbitrary and allows us to estimate the relative contributions of the various 
terms. 

The Superconducting String Case 

In the case of the superconducting string the SU(2) gauge field strength contribution 
to the energy density can be found from the explicit forms of the gauge field discussed in 
appendix A. For static field configurations we have, 



^=4| 2 ^ + ^sinV(l-/) 2 / 2 + 

1 < ■ n, ^W ^ n dW ^2 

+ 2^ (sm ^ )+C ° S ^ ) 

2 0/. •/,/•/,/ dW s n dW, 

+ —?r~o~^~ sin/zcos/isin0(sin0(r— — J + cos# — — ) 
g2 r z q t or 30 

+ 8W^sin 2 #cos^(W) 2 



w 2 

g 2 r* 



f 2^ sin 2 - /) 2 (cos 2 fji sin 4 6 + 2 cos 2 6) 



If we assume that the hypercharge field takes the form 

Y -S ?M 
9 r 
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the contribution from the hypercharge field strength to the energy density is found to be, 

1 . . „, <9Y S BY. 



e ^ = ^5( S in^)+cos^ 

The Higgs field in this case has the form 

t TT ^ v ( sinnsin6>e^ \ , „ N 

^ \ e (cos/U + «sin / ucos6') y 

This form for $ gives the following contributions to the energy density, from the covariant 
derivative term 



dh- 



1 dh 2 ti 2 a 



\2 2 



Or + r 2 89 + r 2 ^ 
+ 2 sin 2 //(l - f) 2 - sin // cos f/r(S - F) (1 - /) sin 2 9) 



v 

y 



and from the potential term: 



4 



2 = ^ (1 _/,2 )2 



The full energy density is thus, 
£ = 

4 



df 2 sin 2 n _8 



+ sin4 Ml " /) 2 / 2 + ^4 sin ^ 2 |^ 



[ --^(sin^(^-)+cos^) 2 



+ 



2g 2 r 2 v v <9r 

-z-z — sin /x cos \l sin f sinf ( r -7— ) + cos#^— -J 
grr 2 ar or at' 



+ 8W^sin 2 #cos^(l-/) 2 

+ 2^r sin 2 - /) 2 (cos 2 /x sin 4 # + 2 cos 2 0) 

1 , ■ n, dY. BY. 2 
+ - /2 2 (smfl(r— ) + cosfl— ) 2 



2#' 2 r 



<9r 



96* 



v 2 h 2 A 



+ -— - (-(5 - l") 2 r 2 + 2 sin 2 - /) 2 - sin fj, cos //r(S -Y)(l- f) sin 2 0) 
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Electroweak string case 

The gauge field in this case is discussed in appendix A, the field strength gives: 



1 8S [ 



1 ,8S 



^ww 2 g 2 r 2 dr ^ 2g 2 r 4K 89 



+ sin \i 



df 2 1 df 2 1 2sm9 r 8f8S ldfdS, 
4— \-2 — I — I - 

Q r gi r 2 qq g 2 r 4 g 2 r 2 dr dr r 2 89 86 

. ^8f „cos$ ,8S .„ „. „cos6> 



4 cos 2 9 
gr 2 r 4 sin 9 



Sf(l-f)+2S 2C -^(l-f) 2 



g 2 r 4 



+ sin^—[2f + Ssm9] 2 (l-f) 2 
r g 

The hypercharge field strength gives a contribution to the energy density of 

The Higgs field takes the from 

v^V 6 " ( cos / u + isin / ucos6 ')/ 

which leads to the following contributions to the energy density: from the scalar covariant 
derivative term: 

1 8h 2 h 2 ,S Y 1 , 2 



r 2 1 2 2 ' sin^ 



- sin 2 n^[2f + sin9(S - Y)}(1 - /)) 



Y 



and from the scalar potential term: 



X(—-\<S>\ 2 f = ^(l-h 2 ) 2 
v 2 1 1 > 4 v > 



27 



